Channeled linear imaging polarimeters measure the two-dimensional distribution of the linear Stokes parameters. A key aspect of this technique is to accurately reconstruct the Stokes parameters from a snapshot, modulated measurement of the channeled linear imaging polarimeter. The state-of-the-art reconstruction takes the Fourier transform of the measurement to separate the Stokes parameters into channels. While straightforward, this approach is sensitive to channel cross-talk and imposes bandwidth limitations that cut off high frequency details. To overcome these drawbacks, we present a reconstruction method called compressed channeled linear imaging polarimetry. In this framework, reconstruction in channeled linear imaging polarimetry is an underdetermined problem, where we measure N pixels and recover 3N Stokes parameters. We formulate an optimization problem by creating a mathematical model of the channeled linear imaging polarimeter with inspiration from compressed sensing. Through simulations, we show that our approach mitigates artifacts seen in Fourier reconstruction, including image blurring and degradation and ringing artifacts caused by windowing and channel cross-talk. By demonstrating more accurate reconstructions, we push performance to the native resolution of the sensor, allowing more information to be recovered from a single measurement of a channeled linear imaging polarimeter.
INTRODUCTION
Polarimetry is used in a variety of applications. Polarimetry helps to distinguish man-made targets from background clutter, evaluate stress birefringence, and characterize biological tissues.
1 Polarization has been theorized to have applications in detecting surface features, shape, shading, and roughness.
2 It may also apply to aerosol monitoring, taking advantage of polarization dependent scatter, 3 and has been used for fruit quality control.
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There is interest in employing polarization in the textile industry.
5
A variety of instruments can measure the Stokes parameters, 2 which describe incoherent, partially polarized radiation. 6 We will focus on channeled linear imaging polarimeters, which measure the two dimensional spatial distribution of the Stokes parameters.
1 These instruments are part of a broader class of channeled polarimeters that encode the Stokes parameters onto some domain. For example, rotating polarizers and channeled spectropolarimeters multiplex polarization onto the temporal and spectral domains, respectively.
Channeled imaging polarimeters create a spatial modulation of Stokes parameters. A key aspect of this technique is to accurately reconstruct the spatially resolved Stokes parameters from the modulated measurement. Note that we will examine the linear Stokes parameters, but the analysis in this work can be extended to include S 3 . The state-of-the-art algorithm for reconstruction uses the Fourier transform to recover the Stokes parameters by separating them into channels based on their carrier frequencies.
1 For convenience, we refer to this algorithm as Fourier reconstruction (FR). While this approach is straightforward, it suffers from noise in the measurement and from channel cross-talk. Common experimental sources of noise include environmental vibrations, thermal fluctuations, and imperfect sampling. 7, 8 In addition, Fourier reconstruction imposes bandwidth limitations from windowing the Fourier transform in order to filter out channels, thus cutting off high frequency details. 9 To overcome these drawbacks, we propose a reconstruction method called compressed channeled linear imaging polarimetry (CCLIP). In our proposed framework, reconstruction in channeled linear imaging polarimetry is an PG PG, LP (0°) OBJ underdetermined problem, where we take N measurements and solve for 3N unknown Stokes parameters. We formulate an optimization problem by creating a mathematical model of the channeled linear imaging polarimeter with inspiration from compressed sensing. [10] [11] [12] It reduces the need for windowing used in Fourier reconstruction to extract channels. More generally, our analysis applies to all channeled polarimeters, including those that are temporally or spatially channeled, by solving for the Stokes parameters from a system of underdetermined equations. Our framework for compressed channeled polarimetry enables future research to reconstruct Stokes parameters with less than N measurements while maintaining the same resolution, potentially allowing sensors to be smaller in size, lighter weight, and lower power.
THEORY
In this section, we describe the optical system of a channeled linear imaging polarimeter. Then we review the state-of-the-art algorithm to recover the Stokes parameters. Finally we present a new reconstruction method called compressed channeled linear imaging polarimetry.
Optical system
We will consider a channeled linear imaging polarimeter that consists of two polarization gratings, an objective lens, a linear polarizer, and a focal plane array.
1 Other designs are possible. Figure 2 .1 shows the optical setup. This instrument produces a modulated image at the output. To simplify our analysis, we assume that the intensity modulation varies in the x direction. This analysis can be generalized for modulations occuring in arbitrary directions. The output is described by
where φ(x, y) is the phase of the optical system,
If other optical elements are used, we can modify the output equation following a similar Jones or Mueller matrix analysis. 1 The carrier frequency f c is
Note that f is the focal length of the objective lens, Λ is the period of the polarization grating, m is the diffraction order (equal to ±1), and t is the separation between polarization gratings. A key aspect of this technique is to accurately reconstruct the Stokes parameters from the modulated image. We will discuss reconstruction algorithms to accomplish this task.
Fourier reconstruction
The state-of-the-art algorithm for reconstruction uses the Fourier transform to recover the Stokes parameters by separating them into channels based on the carrier frequencies of the modulated output measurement I(x, y).
For convenience, we refer to this approach as Fourier reconstruction (FR). The first step is to take the inverse Fourier transform of the measurement to obtain an interferogram:
where I(u, v) is the inverse Fourier transform of I(x, y), denotes convolution, and u and v are Fourier transform variables corresponding to x and y, respectively.
The next step is to filter the interferogram to isolate the channel centered at zero,
and the channel with a peak at carrier frequency f c = 2mt f Λ ,
where H LPF (u, v) is a lowpass filter and H BPF (u, v) is a bandpass filter to isolate the sideband at v = f c . Some examples of the filters H LPF (u, v) and H BPF (u, v) include common functions such as circular, Hamming, or Blackman windows. The filter center of H BPF (u, v) is centered at the peak of the sideband, which is typically near or at the carrier frequency, and the filter widths of H LPF (u, v) and H BPF (u, v) are commonly chosen to be the same to maintain equal spectral resolution in both channels.
The third step is to take the Fourier transform of the channels:
and
We can estimate the phase of the optical system, φ(x, y) = 2πf c x, by taking a reference measurement. For the reference measurement, the channeled linear imaging polarimeter measures a horizontal polarizer with S R 1 (x, y)/S R 0 (x, y) = 1 and S R 2 (x, y) = 0. Note that other reference samples are possible, such as a vertical polarizer. We can write expressions for C R 0 (x, y) and C R 1 (x, y) based on the same analysis used to determine C 0 (x, y) and C 1 (x, y):
The phase of the optical system, φ(x, y) = 2πf c x, can be estimated from C R 1 (x, y):
Further manipulation helps to isolate S 1 (x, y) and S 2 (x, y):
where
3) and (2.2.5). Finally, we extract S 1 (x, y)/S 0 (x, y) and S 2 (x, y)/S 0 (x, y) from C 1 (x, y):
and While this approach is straightforward, it suffers from noise in the measurement and from channel cross-talk. It also requires the choice of a window function to extract the channels C 0 (d) and C 1 (d) as described in Eqs. (2.2.1)-(2.2.2). The window imposes bandwidth limitations, which cuts off high frequency details.
Compressed channeled linear imaging polarimetry
To overcome the drawbacks of Fourier reconstruction, we propose a reconstruction method called compressed channeled linear imaging polarimetry. First, we analyze signals that vary in one spatial dimension. Then we describe how to perform reconstruction in two dimensions. Finally we will see how this algorithm is similar to related work in channeled spectropolarimetry and can apply to channeled polarimeters in general.
Reconstruction in one dimension
Let s 0 , s 1 , and s 2 be the Stokes parameters along one spatial dimension:
3.1)
where N is the number of spatial points, and x is the spatial variable. Let us define two diagonal matrices:
The phase vector
can be estimated from a reference measurement of a horizontal polarizer, I R ∈ R N . Equation (2.2.7) describes how to estimate the phase of the optical system φ(x, y) in two dimensions, and similar analysis applies for one dimensional signals.
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The channeled linear imaging polarimeter outputs a modulation that encodes the state of polarization, which we can express as
with ith entry
The model can incorporate modifications of the optical system. For example, the optics may exhibit a spatially dependent attenuation, which would represent a multiplicative factor in Eq. (2.3.7).
We will represent the Stokes parameter s i in terms of coefficients from the Haar wavelet and Legendre polynomials. The Haar wavelet helps to capture sharp transitions, though it does not compactly represent low order polynomials. The Legendre polynomials are an orthogonal basis that help to model signals such as linear, quadratric, and cubic polynomials. Let p n be the nth polynomial basis vector:
where x 1 , . . . , x N uniformly sample the interval [−1, 1], and the Legendre polynomial P n (x) is
Let M Haar be the transpose of the Haar matrix H N ∈ R N ×N :
where ⊗ denotes the Kronecker product, and, for the 2 × 2 Haar matrix,
We combine the polynomial and Haar bases in a N × (N + L) support matrix M support :
where L is the number of Legendre polynomials. In addition to the Haar wavelet and Legendre polynomials, other bases are possible to model the signal or scene of interest. For example, the discrete cosine transform can help to model the Stokes parameters in channeled spectropolarmetry. 13 Future research can investigate other wavelets and bases which may better represent natural scenes.
The Stokes parameters can be recovered from their basis coefficients by ∈ R N , respectively. We wish to represent the output of the channeled linear imaging polarimeter in terms of the basis coefficients:
where I measured is the measured output of the channeled linear imaging polarimeter, and
Let us define a cost function as a weighted sum of the likelihood and regularizer:
The likelihood term L( s 0 , s 1 , s 2 ) minimizes the error with measured data. The regularizer term R( s 0 , s 1 , s 2 ) promotes sparsity in the basis coefficients s 0 , s 1 , s 2 . When the regularizer weight β is increased, the solution favors more sparse solutions. As noise increases, increasing β helps to improve robustness to noise, and it is possible to perform simulations of reconstruction accuracy versus noise to tune β.
Our goal is to sove an optimization problem for the basis coefficients s 0 , s 1 , s 2 :
where s
denotes the jth Haar basis coefficient corresponding to the Stokes parameter s i .
The constraint s
Haar i,j = 0 for j ≥ τ and i = 0, 1, 2 sets high frequency Haar coefficients to zero according to a threshold τ . This constraint provides the option to set the threshold τ to suppress oscillatory artifacts. For example, it may be known that the Stokes parameters contain negligible frequency content above the carrier frequency. In this case, a user could choose τ such that the corresponding Haar coefficients contain frequency content that is close to the carrier frequency. Other types of a priori knowledge could be implemented similarly. In comparison, Fourier reconstruction imposes windowing functions that cut off channel frequencies at half of the carrier frequency to maintain equal spectral resolution in both channels. This guideline for setting τ doubles the spectral content of the Stokes parameters compared to Fourier reconstruction. Alternatively, the threshold τ can be set to a high value, or the constraint can be removed. If the reconstruction exhibits high frequency oscillations, τ can be decreased and tuned to remove the oscillations.
Algorithm 2.1 describes the proposed algorithm for compressed channeled polarimetry in one dimension. More generally, we refer to the optimization problem from Eq. (2.3.21) as compressed channeled polarimetry because it can be adapted to many types of channeled polarimeters. For example, the general algorithm recovers the spectrally resolved Stokes parameters for channeled spectropolarimeters. 13 In this case, the phase is a one dimensional function of wavenumber, estimated in a similar way to Eq. (2.2.7). The matrix M support differs slightly in terms of which bases are used, though we solve for the basis coefficients from a similar optimization problem as Eq. (2.3.21), as we will discuss in Section 2.3.3. In this work, we use it to reconstruct the Stokes parameters for each row of the output from a channeled linear imaging polarimeter. Our innovation is to formulate reconstruction for channeled polarimeters as solving an underdetermined problem where the unknown Stokes parameters outnumber the measurements.
Extension to two dimensions
The preceding analysis describes how to reconstruct Stokes parameters s 0 , s 1 , and s 2 that vary in one spatial dimension. This algorithm would operate over one row of the modulated output from the channeled linear imaging polarimeter. For each row of the modulated image, we solve the optimization problem from Eq. (2.3.21) to recover the Stokes parameters. Once all the rows are processed, we obtain the Stokes parameters over the entire image. Extract row i of I(x, y) and set it as I measured .
6:
Extract row i of the estimated phase φ(x, y).
7:
Calculate the matrices M cos and M sin from Eqs. (2.3.4) and (2.3.5).
8:
Solve for basis coefficients s 0 , s 1 , s 2 from Problem (2.3.21).
9:
Calculate the Stokes parameters from the basis coefficients via Eq. (2.3.15).
10:
Save the Stokes parameters as the ith rows of S 0 (x, y), S 1 (x, y), and S 2 (x, y). 11: end for 12: Output: Stokes parameters S 0 (x, y), S 1 (x, y), and S 2 (x, y) Algorithm 2.2 describes the proposed algorithm for compressed channeled linear imaging polarimetry. The input to Problem (2.3.21) is a row from the modulated measurement I measured . We form the matrices M cos and M sin using an estimate of the phase of the optical system as described in Eq. (2.2.7). Note that we estimate the phase from a reference measurement, and we can pull rows from the phase estimate as we recover The goal of these algorithms is to reconstruct the Stokes parameters from the modulated measurement of the channeled linear imaging polarimeter. CCLIP takes the same inputs as Fourier reconstruction and produces the same output.
Comparison with channeled spectropolarimetry
In general, the state-of-the-art reconstruction for channeled polarimeters uses Fourier reconstruction, which performs a Fourier transform to separate the modulated data into channels and recover the Stokes parameters. In contrast, our algorithm solves an optimization problem to recover the Stokes parameters, and in our framework, reconstruction in channeled polarimetry is an underdetermined problem. To provide insight into how this algorithm can be applied to other forms of channeled polarimetry, we provide a short summary of how we applied this approach to channeled spectropolarimetry.
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The notation is similar to reconstruction in one dimension as described in Section 2.3.1, except the variables are defined along wavenumber. Let s 0 , s 1 , and s 2 be the Stokes parameters along one spatial dimension:
where N is the number of wavenumbers, and σ is the variable for wavenumber. Let the matrix M dct represent the discrete cosine transform:
We represent the Stokes parameters in terms of bases from Legendre polynomials and the discrete cosine transform (DCT), which are combined in the support matrix M support :
where L is the number of Legendre polynomials as before. The Stokes parameters can be recovered from their basis coefficients by
where s i ∈ R N +L are the basis coefficients for Stokes parameters s i , i = 0, 1, 2.
The basis coefficients represent both the Haar wavelet and the discrete cosine transform, and we can label the basis associated with each coefficient as
for i = 0, 1, 2. Although the support matrix differs slightly from Section 2.3.1, the model of the channeled spectropolarimeter takes the same form:
Note that we can express the model as a single matrix-vector product by concatenating the basis coefficients into a single vector. 13 The likelihood, regularizer, and cost functions are defined as before:
The likelihood term L( s 0 , s 1 , s 2 ) minimizes the error with measured data. The regularizer term R( s 0 , s 1 , s 2 ) promotes sparsity in the basis coefficients s 0 , s 1 , s 2 . When the regularizer weight β is increased, the solution favors more sparse solutions. As noise increases, increasing β helps to improve robustness to noise.
(f ) denotes the DCT coefficient corresponding to frequency f for the Stokes parameter s i . This problem is very similar to the optimization for channeled linear imaging polarimetry. The models of both optical systems take the same form, where the output is a modulation of the Stokes parameters. Both problems are convex; we can apply a similar analysis of convexity from Section 5 to this problem. The main difference between the models is that variables are either a function of wavenumbers for channeled spectropolarimeters, or of space for channeled imaging polarimeters. However, since the underlying models are the same, we are essentially solving equivalent problems. Hence we can apply Algorithm 2.1. More generally, we can formulate reconstruction for channeled polarimeters as solving an underdetermined problem where the unknown Stokes parameters outnumber the measurements. This work opens the avenue for future research into improving reconstruction for channeled polarimeters.
SIMULATION
In this section, we simulate the modulated output of a channeled linear imaging polarimeter. Our goal is to compare the recovered Stokes parameters using Fourier reconstruction and CCLIP. Both algorithms take the same input, and we hope to show that CCLIP resolves more details and reduces low pass artifacts seen in Fourier reconstruction. For the parameters of the optical system, we set the focal length f = 23 mm, polarization grating period Λ = 7.9 mm, and pixel pitch p x = 10 µm. The image sizes are 256 × 256. In the first simulation, the grating separation t = 2.5 mm. With these parameters, we produce a modulated image as described by Eq. (2.1.1), which has carrier frequency f c = 0.027 µm −1 . In addition, we simulate a reference measurement I R (x, y) by setting S 0 (x, y) = 1, S 1 (x, y) = 1, S 2 (x, y) = 0. Note that we are not simulating noise, though future work can investigate its effects on reconstruction.
Figures 3.1 and 3.2 show the simulated measurement and its Fourier transform, respectfully. The interferometric fringes from the measurement result in peaks in the Fourier domain. The center peak corresponds to S 0 (x, y), while the sidebands contain information about S 1 (x, y) and S 2 (x, y) as described in Section 2.2. In Fourier reconstruction, circular filters extract channels C 0 (u, v) and C 1 (u, v), as depicted by the two white circles and described in the flowchart in Fig. 2.2(a) . We describe these filters as This approach suffers from channel cross-talk, which occurs when spectral content overlaps between channels. The circular filters further degrade the reconstruction by cutting off high frequencies.
We hope to overcome these drawbacks with our approach of compressed channeled linear imaging polarimetry. Using the estimated phase from the reference measurement, we construct the matrices M cos and M sin . We use L = 2 Legendre polynomials in the support matrix M cos . One way to tune the parameter L is to simulate a variety of scenes to see which value provides the best reconstruction. We set the regularizer weight β = 1 × 10
and the Haar coefficient threhold τ = 80. Increasing the regularizer weight promotes sparse solutions and helps when noise corrupts the measurements. Through simulations of scenes of interest, we can pick the optimal values of β as noise varies. The Haar coefficient threshold τ can be decreased to remove oscillatory artifacts in the reconstruction.
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Figure 3.3 compares ground truth with Fourier reconstruction and CCLIP. Ground truth denotes the known input Stokes parameters used create the simulated measurement in Fig. 3.1 . In the S 0 (x, y) image for Fourier reconstruction, we highlight one area of interest with a white rectangle. Note that CCLIP resolves the stripes on top of the zebra's snout, whereas Fourier reconstruction blurs these lines.
We perform another simulation where we set the grating separation t = 1.5 mm and keep all other parameters the same. Under these settings, the carrier frequency f c = 0.016 µm −1 , leading to a lower modulation than in the previous simulation. Figures 3.4 and 3 .5 show the modulated image and its Fourier transform. The lobes in the Fourier domain move closer due to the smaller carrier frequency, which will worsen channel cross-talk. The reconstruction will exhibit ringing artifacts due to the smaller windows and degrade due to channel cross-talk. For Fourier reconstruction, we use the filters defined in Eqs. (3.0.1) and (3.0.2) with f c = 0.016 µm −1 , shown as white circles in Fig. 3 .5. Channel cross-talk, ringing artifacts, and resolution in Fourier reconstruction worsen compared to Fig. 3 .3, but CCLIP is still able to resolve many of the zebra's high frequency stripes. Fig. 3.1 . The reconstructed parameters are DOLP (first row), S 0 (second row), S 1 (third row), and S 2 (fourth row). We compare ground truth (first column), Fourier reconstruction (second column), and CCLIP (third column). The white rectangle in S 0 for Fourier reconstruction highlights one area of interest. CCLIP resolves the stripes on top of the zebra's snout, whereas Fourier reconstruction blurs these lines. The scalebar denotes the scale in the plane of the camera. CCLIP: Compressed channeled linear imaging polarimetry. Fig. 3.4 . The reconstructed parameters are DOLP (first row), S 0 (second row), S 1 (third row), and S 2 (fourth row). We compare ground truth (first column), Fourier reconstruction (second column), and CCLIP (third column). The white rectangle in S 0 for Fourier reconstruction highlights one area of interest. CCLIP resolves the stripes on the zebra's snout, whereas Fourier reconstruction blurs them. Channel cross-talk, ringing artifacts, and resolution in Fourier reconstruction worsen compared to Fig. 3.3 , but CCLIP can still resolve many of the zebra's high frequency stripes.
CONCLUSION
We have presented a reconstruction method called compressed channeled linear imaging polarimetry (CCLIP). In our proposed framework, reconstruction in channeled linear imaging polarimetry is an underdetermined problem, where we take N measurements and solve for 3N unknown Stokes parameters. We have formulated an optimization problem by creating a mathematical model of the channeled linear imaging polarimeter with inspiration from compressed sensing. Our simulations show that CCLIP can produce more accurate reconstructions. In particular, CCLIP mitigates artifacts seen in Fourier reconstruction, including image blurring and degradation and ringing artifacts caused by windowing and channel cross-talk. By demonstrating more accurate reconstructions, we push performance to the native resolution of the sensor, allowing more information to be recovered from a single measurement of a channeled linear imaging polarimeter.
APPENDIX: CONVEXITY
In this section, we show that our proposed reconstruction algorithm is a convex problem. 
